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Let (1 be an (m + I)-dimensional Tchebycheff space of periodic-type func- 
tions. Then d contains an (m - Q-dimensional Tchebycheff subspace. Con- 
sequently, fl has a Markov-type property: it contains a chain of Tchebycheff 
spaces n = A, 1 f& I..., with dim di = i + 1. 
1. T-SPACES OF PERIODIC TYPE 
Let uO, 24, ..., u, be defined and continuous on the interval [a, b], forming 
a Tchebycheff-system (abbr. T-system) on [a, b) and such that U&J) = aui(a) 
for some 01 # 0 and i = 0, l,..., m (m > 2). We call such functions functions 
of periodic type. In particular, they are periodic or antiperiodic when 01 = + 1 
or 01 = - 1, respectively. Since the determinant 
is positive whenever a < to < t, < ... < tT,& < b and is continuous in t, , 
and the functions involved are of periodic type, it is clear that {ui}ycl, forms 
a T-system on (a, b] and hence (-1)” a: > 0. 
We say that x is a nodal zero of.f, in the interval (a, b), if f (x) = 0 and if 
f(xJf(& < 0 whenever x - E < x1 < x < X, < x + E for some E > 0. 
If f’efl, = span {uO, u1 ,..., u,} on [CZ, b), we say that a is a nodal zero 
off, if f(a) = 0 and if off < 0 whenever a < x, < a + E and 
b - E < x2 < b for some E > 0. All other zeros off are called nonnodal 
zeros. 
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Let f E A,, . We extendf to [2a - b, 2b - a) by defining 
f(t) = ;f(t + b - 4 2a-bbtta, 
= f(t) a<t<b, 
= cxf(t - b + a), b<t<2b-a, 
Clearly, the extended functions form a T-space (the span of a T-system) 
on every half-open interval of length b - a, contained in [2~ - b,2b - a). 
LEMMA 1. Let f E A, , f # 0. The number of the zeros off (in [a9 b))> 
Z(y> [a, b)) is even or odd, according to m being even or odd (nonnodal zeros 
counted twice). 
ProoJ The claim of the lemma is clear if f(a) # 0. If f(ir) = 0, then 
,f (a - .c) f 0 for some E > 0 and Z(fi [a, b)) = Z(fi [a, b)) = Z(Y;; 
[a - E, b - e)). 
2. AN ~TERPOLATION PROBLEM 
We need the: 
DEFINITION 123. Let f be defined on a real set M and let t, , t, ,.*.) tk E A4 
with t, < t, < .. < t,, . 
(9 tl , t2 ,..., tl, form an alternation off, of length k, if sgnf(tJ = 
-sgn(f(&+J) # 0, for i = 1,2 ,..., k - 1. 
(ii) tl , t, ,..., tk form a quasialternation of f, of length k if 
sgn(J(tJ - f(t&) = - sgn(f(&+J - f(&)), for i = 1, 2,..., k - 2. 
We also need the following results of Zielke [2, Lemmas 3, 5 and ‘71: 
Let vr = 1, v2 ,..., V~+~ be continuous functions on (a, b), forming a CT- 
system (Complete Tchebycheff-system) (i.e., vl , ~1~ ,..., ZI, form a T-system for 
r = 1, 2,..., m + 1) on this interval. v2 is strictly increasing and hence 
I = ~,((a, b)) is an open interval andf, , fi ,...,fm+l , defined by fi = II* o r&l, 
i = 1, 2,..., YM $ 1 form a CT-system on I. We have that g, = I#. = I, 
g, = 0% i...>gm+l = Dfna+l is a CT-system on 1, D being the ri 
side derivative. 
Let J = g,(l), hi = gi 0 g$ and J* = (inf J, sup S). We extend the func-. 
tions hi , j = 2, 3 ,..., m f 1, to hi on .I* [2, Lemma 51. Every &E span 
@2, g3 ,.‘., Em+l} has no alternation of length rm and since every ?z E span 
0% 2 12, ..., h,,,) has no quasialternation of length >m and the extension 
of the KS is by linear segments, the same is true for the K’s. Hence DE 
no alternation of length >m - 1. 
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Finally, we define 
and 
D,v = D(v 0 v;‘) 
D,v = Dii, 
where h = g 0 g-l and g = D,v. 
Let /1, = span{u, u1 ,..., zl,>, m > 2, be a T-space on [a, b) with u,(b) = 
~~(a) for some 01 # 0 and i = 0, I,..., m. We may assume that q(a) = 0 
for i = 1, 2,..., m and that {uI , u2 ,,.., U, , ZQ,} is a CT-system on (a, b). Define 
and 
ui I(O) vi zzz _I_ 
Ul I(fz,b) ’ 
for i = 1, 2,..., m 
V 
_ uo I (a b) 
,ln+l - u, 
LEMMA 2. Let v, , 02 ,..., v,+~ be dejined as above and let x, tl , t, ,..., tnzS1 
be m points in the interval (a, b) with tl < t, < ... < tm-1 . The trivial poly- 
nomial (in the vi’s) is the only element of span@, vg ,..., v,+~} satisfying 
(1) v(ti) = 0, i = 1,2,.. ., m - 1, 
(2) D,v(x) = 0, and 
(3) Dg(x) = 0. 
ProoJ: Assume, to the contrary, that there exists a non-trivial polynomial, 
v = 22” ajvi that satisfies (I), (2) and (3). Consider the polynomial 
u = CEO aiui (with a, = a,+&. By Lemma 1, zk vanishes at an additional 
point to in [a, b), or, exactly one of its zeros is a nonodal one. 
Assume, first, that u(a) # 0. We can split the interval v,((a, b)) into m 
consecutive subintervals on which f = v 0 v;l = x::” ai fi , is increasing 
and decreasing alternately, thus D,v has an alternation of length m. By 
[2, Lemma 31 D,v has no quasialternation of length >m and if D,v is not 
identically zero (in which case v = 0), D,v has an alternation of length 
m - 1. Since 05 changes sign at points where Z is negative or positive, 
D,v does not change sign at x. Let s, , s, ,..., s,-, be points in J* such that 
in each of the intervals (so, sI), (sl , sJ ,..., (sme2, s,& (so = inf J and 
s,-, = sup J), Dh is always nonnegative or nonpositive. y = (g, 0 v&x) 
belongs to one of them, say (sj , sj+&, and assume for the sake of simplicity 
that Dfi is nonnegative on this interval. Clearly, there exist two points si < 
Yl < Y < Y2 < sj+l , such that Dh( y,) > 0 and Dfi( y2) > 0 and since 
Dfi(x) = 0, Dfi has a quasialternation of length >,m + 1. Hence v = 0. 
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If u(n) = 0, then a, = 0 (a,,, = 0) and the assertion holds in 
span h I(a,b) ,“‘> %n I(a.bd. 
3. THE MAIN RESULT 
It is known that if A is an n-dimensional T-space on a set h4, then n 
contains an (n - I)-dimensional T-space iff we can extend the elements of A 
to M v (x}, x $ M and the extended functions form a T-space on 
This is not the case here. However, we show that we can, by adding a 
point” to [a, b), construct an (n - 2)-dimensional T-subspace. 
THEOREM 1. Let uO) u1 ,..., u, be de$ned and continuous on the interval 
[a, b], forming a T-system on [a, b), and such that u,(b) = CM&) for some 
a # 0 and i = 0, I,..., m. The T-space, span (u. , u1 ,..., u,,f con&ukz ca;z 
(m - I)-dimensional T-subspace, on [a, b). 
Proof. For m = 2, span (u 0, u 1 , uz> contains a positive function on 
[a, b) so we assume m 3 3. 
We may assume that ui(a) = 0 for i = I, 2,..., m and that 
G4 l(a,b) 3UP l&b) ,-.., %z l(a,h) 9uo l(LT,b)l is a CT-system. 
Define vi , i = 1,2 ,..., m + 1 as in Lemma 2, and since D,v, = D,v, = 
&v, = 0 -I),v, = 1 and D,v, = 1, we can define GI = v1 and for i > 4, 
Vl = vi - up, - bdv, such that D,&(x) = D,v”&$ = 0 for a given 
x, a c x -c b. 
The determinant of the interpolation problem of Lemma 2 does not va 
and hence 
whenever a < tl < t, < ... < tmpl < b, which implies 
z& = u1 and i& = ui - aiu2 - biu, , i = 0, 4, 5 ,..., m. 
% l((a,a) 7 u”* Iho) 2.s.9 ii, I(a,b) and zlo I(a,b) form a T-system on (Q, b). We 
can extend these functions to [a, b) and the extended functions will form 
T-system on this interval [I]. This extension is continuous, as will be shown 
in Theorem 3 and hence, span {il, , 4, ii4 ,..., &,J is a T-space on [a, b). 
THEOREM 2. Let u. , u1 ,..., u, be as in Theorem 1 and A, = 
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span (u, , U, ,..., Us). Th ere exists a chain of T-spaces: A, 3 ll,-, 3 ... 3 Ai 
(i, = 0, 1, according to m being even or odd) with dim /li = i + 1. 
BEOREM 3. Let 24, 241 )..., u, be continuous functions on [a, b), forming 
a T-system on this interval. If A, = span (u,, , ZL~ ,..., I.L~] does not contain 
an m-dimensional T-subspace then it contains an (m - I)-dimensional one. 
Proof As in [l] we define w(t) = rnax,,ctsm 1 u,(t)/, a < t < b, and 
vi(t) = zr,(t)/w(t), i = 0, 1, 2 ,..., m; a < t < 6. It is sufficient to prove the 
theorem for span {v,, v, ,..., v~}. We choose a sequence (tj) in [a, b) with 
limj,, ti = b. This sequence contains a subsequence (tj,) such that lim,,, 
v&J exist for i = O,..., m. 
We show that the limits do not depend,on {tj}. Assume that for some il 
there exist two sequences (sj} and (rj) such that lim,+, vi,(sj) = S < 
lim,+, vi,(rj) = R. Since for some i,, , vi, = 1 near b, vi, - ((S + R)/2) vfO 
vanishes infinitely many times in contradiction to the fact that iv$$.“=, IS
a T-system. Thus we may extend vi , i = 0, l,..., m to [a, b] and the extended 
functions are continuous on [a, b]. 
By [lj, iffl, does not contain an m-dimensional T-subspace, (v,(a), v,(a),..., 
v&N and vdb), v,(b),..., v,(b)) are proportional, and thus by Theorem 1, 
fl, contains an (m - I)-dimensional T-subspace. 
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